The mean curvature flow 
for equifocal submanifolds 

Naoyuki Koike 
Abstract 

In this paper, we investigate the mean curvature flows having an equifocal 
submanifold in a symmetric space of compact type and its focal submanifolds 
as initial data. The investigation is performed by investigating the lifts of the 
submanifolds and the flows to an (inflnite dimensional separable) Hilbert space 
through a Riemannian submersion of the Hilbert space onto the symmetric 
space. 



1 Introduction 

The mean curvature flow of a (Riemannian) submanifold fo : M ^ N is a map 
f : M X [0,oo) ^ N such that, for each t E [0,r), ft : M ^ N{^ft{x) = 

def 

f{x,t) (x e M)) is an immersion and f*i{-§i)(x,t)) is the mean curvature vector of 
ff : M ^ N, where T is a positive constant or T = cxd and (t) is the natural 
coordinate of [0, T). Liu-Terng [LT] investigated the mean curvature flow having 
isoparametric submanifolds (or their focal submanifolds) in a Euclidean space as 
initial data and obtained the following facts. 

Fact 1([LT]). Let M he a compact isoparametric submanifold in a Euclidean space 
and C be the Weyl domain of M at xq (g M). Then the following statements (i) 
and (ii) hold: 

(i) The mean curvature Eow Mt having M as initial data converges to a focal 
submanifold of M in finite time. If a focal map of M onto F is spherical, then the 
mean curvature flow Mt has type I singularity, that is, lim ^ max„g_5±jy,j^ 1 1 A* 1 1^ (T — 

t) < oo, where is the shape operator of Mt for v, ||oo is the sup norm of 
and S'^Mt is the unit normal bundle of Mt- 
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(ii) For any focal submanifold F of M, there exists a parallel submanifold M' of 
M such that the mean curvature flow having M' as initial data converges to F in 
finite time. 

Fact 2([LT]). Let M and C he as in Fact 1 and a be a stratum of dimension greater 

than zero of dC. Then the following statements (i) and (ii) hold: 

(i) For any focal submanifold F (of M) through a, the maen curvature flow Ft 
having F as initial data converges to a focal submanifold F' (of M) through da in 
finite time. If the fibration of F onto F' is spherical, then the mean curvature flow 
Ft has type I singularity. 

(ii) For any focal submanifold F (of M) through da, there exists a focal sub- 
manifold F' (of M ) through a such that the mean curvature Bow Fl having F' as 
initial data converges to F in finite time. 

As a generalized notion of compact isoparametric hypersurfaces in a sphere and 
a hyperbolic space, and a compact isoparametric submanifolds in a Euclidean space, 
Terng-Thorbergsson [TT] defined the notion of an equifocal submanifold in a sym- 
metric space as a compact submanifold M satisfying the following three conditions: 

(i) the normal holonomy group of M is trivial, 

(ii) M has a flat section, that is, for each x G M, := exp-'-(T^M) is totally 
geodesic and the induced metric on S^, is flat, where T^M is the normal space of 
M at X and exp-*- is the normal exponential map of M. 

(iii) for each parallel normal vector field v of M, the focal radii of Af along the 
normal geodesic 7^,^ (with 7^,^(0) = Vx) are independent of the choice of a; G M, 
where 7^^ (0) is the velocity vector of 7^,^ at 0. 

On the other hand, Heintze-Liu-Olmos [HLO] defined the notion of an isoparametric 
submanifold with flat section in a general Riemannian manifold as a submanifold M 
satisfying the above condition (i) and the following conditions (ii') and (iii'): 

(ii') for each x G M, there exists a neighborhood Ux of the zero vector (of T^M) 
in T^M such that Sa, := exp-'-(C/-r) is totally geodesic and the induced metric on T.^ 
is flat, 

(iii') sufficiently close parallel submanifolds of M are CMC with respect to the 
radial direction. 

In the case where the ambient space is a symmetric space G/K of compact type, they 
showed that the notion of an isoparametric submanifold with fiat section coincides 
with that of an equifocal submanifold. The proof was performed by investigating its 
lift to -ff°([0, l],fl) through a Riemannian submersion tt o ^, where tt is the natural 
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projection of G onto G/K and (j) is the parallel transport map for G (which is a 
Ricmannian submersion of i7*^([0, 1], g) onto G (g :the Lie algebra of G)). Let M 
be an equifocal submanifold in G/K and v he a parallel normal vector field of M. 
The end-point map r]y{: M i— ^ G/K) for v is defined by r/„(x) = ex.\)^{vx) {x G M). 
Set My := r]y{M). We call My a parallel submanifold of M when dim My = dimM 
and a focal submanifold of M when dimM^, < dimM. The parallel submanifolds 
of M are equifocal. Let f : M x [Q,T) ^ G/K be the mean curvature flow having 
M as initial data. Then, it is shown that, for each t e [0, T), ft : M G/K is a 
parallel submanifold of M and hence it is equifocal (see Lemma 3.1). Fix xq G M. 
Let C (c T^M) be the fundamental domain containing the zero vector (of T^gM) 
of the Coxeter group (which acts on T^^M) of M at xq and set C := exp-'-(C'), 
where we note that exp"*" |g is a diffeomorphism onto G. Without loss of generality, 
we may assume that G is simply connected. Set M := (tt o (j))~^{M), which is an 
isoparametric submanifold in H^{[0,l],g). Fix uq G (tt o (^)~^(a:o). The normal 
space T^^^M is identified with the normal space T:^^M of M at uq through (vr o 0)*„„ . 
Each parallel submanifold of M intersects with G at the only point and each focal 
submanifold of M intersects with dC at the only point, where dC is the boundary 
of C. Hence, for the mean curvature flow f : M x [0,T) ^ G / K having M as initial 
data, each Mt(:= ft{M)) intersects with G at the only point. Denote by x{t) this 
intersection point and define u : [0, T) ^ C (c T,-/r^^M = T^^M) by exp^(n(t)) = x{t) 
(t G [0,r)). Set Mt := (it o c/))-^ {Mt)^{t £ [0,T)). It is shown that Mt (t G [0,T)) 
is the mean curvature flow having M as initial data because the mean curvature 
vector of Mt is t^ horizontal lift of that of Mt through tt o ^. By investigating 
u : [0, T) T^^^. M, wc obtain the following fact corresponding to the second-half 
part of (i) and (ii) of Fact 1. 

Theorem A. Let M he an equifocal submanifold in a symmetric space G/K of 
compact type and G be the image of the fundamental domain of the Coxeter group 
of M at Xq {(^ M) by the normal exponential map. Then the following statements 
(i) and (ii) hold: 

(i) For any focal submanifold F of M, there exists a parallel submanifold M' of 
M such that the mean curvature flow having M' as initial data converges to F in 
finite time. 

(ii) Assume that M is irreducible and the codimension of M is greater than one. 
If the mean curvature flow M/ having a parallel submanifold M' of M as initial data 
converges to a focal submanifold F of M and the hbration of M' onto F is spherical 
fibration, then the mean curvature flow Ml has type I singularity. 

Also, we obtain the following fact corresponding to the second-half part of (i) 
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and (ii) of Fact 2 for the mean curvature flow having a focal submanifold of an 
equifocal submanifold as initial data. 

Theorem B. Let M and C beas in the statement of Theorem A and a be a stratum 
of dimension greater than zero of dC (which is a stratified space). Then the following 
statements (i) and (ii) hold: 

(i) For any focal submanifold FofM through da, there exists a focal submanifold 
F' of M through a such that the mean curvature flow having F' as initial data 
converges to F in finite time. 

(ii) Assume that M is irreducible and the codimension of M is greater than one. 
If the mean curvature flow F^ having a focal submanifold F' of M through a as 
initial data converges to a focal submanifold F of M through da and the fibration 
of F' onto F is spherical fibration, then the mean curvature Sow Fj. has type I 
singularity. 

For an equifocal submanifold in a symmetric space of compact type, the first- 
half part of the statement (i) of Facts 1 and 2 do not hold. In fact, there exist 
Hermann actions admitting a minimal principal orbit (which is equifocal) and a 
minimal singular orbit (which is a focal submanifold of a principal orbit). So the 
following question arises naturally. 

Question. Let M and a be as in Theorem B and F be a focal submanifold of M 
through a. 

(i) Does the mean curvature flow having M as initial data converge to a focal 
submanifold of M in finite time in the case where M is not minimal ? 

(ii) Does the mean curvature flow having F as initial data converge to a focal 
submanifold of F through da in Gnite time in the case where F is not minimal ? 

According to the homogeneity theorem for an equifocal submanifold by Christ 
[Ch] , all irreducible equifocal submanifolds of codimension greater than one in sym- 
metric spaces of compact type are homogeneous. Hence, according to the result by 
Heintze-Palais-Terng-Thorbergsson [HPTT] , they are principal orbits of hyperpolar 
actions. Furthermore, according to the classification by Kollross [Kol] of hyperpo- 
lar actions on irreducible symmetric spaces of compact type, all hyperpolar actions 
of cohomogcncity greater than one on the symmetric spaces are Hermann actions. 
Therefore, all equifocal submanifolds of codimension greater than one in irreducible 
symmetric spaces of compact type are principal orbits of Hermann actions. In the 
last section, we describe explicitly the mean curvature fiows having orbits of some 
Hermann actions as initial data. 
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2 Preliminaries 



In this section, we briefly review the quantities associated with an isoparametric 
submanifold in an (infinite dimensional separable) Hilbert space, which was intro- 
duced by Terng [T2]. Let M be an isoparametric submanifold in a Hilbert space 



2.1. Principal curvatures, curvature normals and curvature distributions 

Let Eq and Ei [i G I) be all the curvature distributions of M, where £"0 is de- 
fined by {Eq)j: = n Ker^^(a; € M). For each a; € M, we have T^M = 



{Eo)x © ( © {Ei)x I , which is the common eigenspace decomposition of A^'s {v G 



T^M). Also, let Aj (i G I) be the principal curvatures of M, that is, Aj is the section 
of the dual bundle {T^Mf of T^M such that = {\i)^{v)\d holds for any 

X e M and any v G T^M, and Uj be the curvature normal corresponding to Aj, that 
is, = {ui,-}. 

2.2. The Coxeter group associated with an isoparametric submanifold 

Denote by If the affine hyperplane (Aj)"^ (1) in T^M. The focal set of M at x is equal 
to the sum U (x -|- If) of the affine hyperplanes x + lfs {i G I) in the affine subspace 

X + T,-^M of V . Each affine hyperplane If is called a focal hyperplane of M at x. 
Let W be the group generated by the reflection i??'s [i G /) with respect to If . This 
group is independent of the choice a; of M up to group isomorphism. This group is 
called the Coxeter group associated with M. The fundamental domain of the Coxeter 
group containing the zero vector of T^M is given by {v G T^M \ \i{v) < 1 G /)}. 

2.3. Principal curvatures of parallel submanifolds Let My be the parallel 
submanifold of M for a (non- focal) parallel normal vector field v, that is My = 
rjy{M), where rjy is the end-point map for v. Denote by the shape tensor of My. 
This submanifold My also is isoparametric and = ri^^y^^id {i G /) for 
any w G T^^^^-^My, that is, 's {i G /) are the principal curvatures of My and 
hence jzf^'s {i G /) are the curvature normals of My, where we identify T^^^^^My 
with T^M. 

2.4. The mean curvature vector of a regularizable submanifold Assume 

that M is regularizable in sense of [HLO], that is, for each normal vector v of M, 
the regularizable trace Tr^ Ay and TrA^ exist, where Tr^ Ay is defined by Tr^ Ay := 



V. 
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oo 

J2il^t + fJ'i) as SpecA„ \ {0} = {fif, fi^ , , , ■ ■ ■ ,} < < ••• < < 

i=l 

■ ■ ■ < < 1^1), where Specyl^ is the spectrum of Ay. Then the mean curvature 
vector ii" of M is defined by {H, v) = Tr^ (Vi; G T-^M). 

Let M be an equifocal submanifold in a symmetric space G/K of compact type 
and set M := (vr o (j))~^[M), where tt is the natural projection of G onto G/K and 
(j) : H^{[0, 1], g) — G is the parallel transport map for G. 

2.5. The mean curvature vector of the lifted submanifold Denote by H 
(resp. H) the mean curvature vector of M (resp. M). Then M is a regularizable 
isoparametric submanifold and H is equal to the horizontal lift of nH^ of nH (n := 
dimM) (see Lemma 5.2 of [HLO]). 

3 Proofs of Theorems A and B 

In this section, we prove Theorem A. Let M be an equifocal submanifold in a 
symmetric space G/K of compact type, it : G ^ G/K be the natural projection 
and (j) be the parallel transport map for G. Set M := [tt o(f))~^(^M). Let C(c T^^^M) 
be the fundamental domain of the Coxeter group of M at xq{g M) containing the 
zero vector of T^^M and set C := exp-'-(C), where exp-*- is the normal exponential 
map of M. Fix uq G (7ro0)-i(a;o). Under the identification of T^M and T^^M, the 
Coxeter group of M is regarded as that of the isoparametricsubmanifold M. Denote 
by H (resp. H) the mean curvature vector of M (resp. M). The mean curvature 
vector H and H are a parallel normal vector field of M and M, respectively. Let v be 
a parallel normal vector field of M and be the horizontal lift of v to H^{[0, 1], g), 
which is a parallel normal vector field of M. Denote by My (resp. M^l) the parallel 
submanifold r}y{M) (resp. r)yL{M)) of M (resp. M), where rjy (resp. ry^z,) is the 
end-point map for v (resp. v^). Then we have MyL = (vr o cj))~^{My). Denote by 
(resp. H^^) the mean curvature vector of My (resp. MyL). Define a vector field 
X on (7 (C T^,M = T^-^,M) by Xy, := {H^)u,,+w {w G C), where w is the parallel 
normal vector field of M with w^q = w. Let ^ : (— 5, T) ^ C be the maximal 
integral curve of X with ^(0) = 0. Note that S and T are possible be equal to 00. 
Let ^{t) be the parallel normal vector field of M with £,{t)^^ = ^{t). Let (resp. 
Mt) be the mean curvature flow having M (resp. M) as initial data. 

Lemma 3.1. For all t G [0, T), we have Mf = M~, and Mt = M~l . 
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Proof. Fix to e [O^T). Define a flow / : M x [0, T)^ ^ ;^°([O,1],0) by := 

ri~L{u) {{u,t) e Mx[0,T)), where we note that /t(M) = M~l. For simphcity, de- 

^ ?w 

note by the mean curvature vector of M- — l . It is easy to show that /*((^)(.,to)) 
is a parallel normal vector field of M~^l and that /*((^)(«o,to)) ~ ("^*'')/to('"o)" 

On 

the other hand, since M^j^l is isoparametric, is also a parallel normal vec- 
tor field of Al- L. Hence we have /*((^)(-,t(,)) = Therefore, it follows from 

the arbitrariness of to that / is the mean curvature flow having M as initial data, 
that is, M~L = Mt {t e [0,T)) holds. Define a flow / : M x [0,T) ^ G/K 

by f{x,t) := ??^(a;) ((x,t) G M x [0,r)), where we note that /^(M) = 

(/*(■) •= /(■)*))• For simphcity, denote by the mean curvature vector of ^^^y 

Fix to e [0,r). Since = (vr o ^)-\M^^), we have (F*")^ = ■ On 

the other hand, we have /*((^)(.,to))^ = /*((^)(-,to))(= -^*°)- Hence we have 
/*((^)(-,to)) ~ Therefore, it follows from the arbitrariness of to that / is the 
mean curvature flow having M as initial data, that is, = Mt {t e [0, T)). q.e.d. 

Clearly we suffice to show the statement of Theorem A in the case where M 
is full. Hence, in the sequel, we assume that M is full. Denote by A the set of 
all principal curvatures of M. Set r := codimM. It is shown that the set of all 
focal hyperplanes of M is given as the sum of finite pieces of infinite parallel families 
consisting of hyperplanes in T^^Af which arrange at equal intervals. Let {Q' | j G Z} 
(1 < a < f) be the finite pieces of infinite parallel families consisting of hyperplanes 
in T^M. Since /^j"s (j G Z) arrange at equal intervals, we can express as 

A= U{-^h-GZ}, 

where Aa's and baS are parallel sections of (T-^M)* and positive constants greater 
than one, respectively, which are defined by ((Aa)u(,)~^(l + 6aj) = Q'. For simplicity, 

we set Xaj '■= i^h^j ■ Denote by n^j and Eaj the curvature normal and the curvature 
distribution corresponding to Xaj, respectively. It is shown that, for each a, Xa,2j's 
{j G Z) have the same multiplicity and so are also Aa^2j+i's (j G Z). Denote by 
mjj and m° the multiplicities of Xa,2j and Xa^2j+i, respectively. Take a parallel 
normal vector field of M with Vuq G C. Denote by (resp. H'") the shape 
tensor (resp. the mean curvature vector) of the parallel submanifold My. Since 
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AIL (E ■) = 1 ^•^?^'VT^ ^ id (w G T^M), we have 

= E f « + O cot(f (1 - A„K))) 

a=l ^ ^" 

+(m^ - m°)cosec(^(l - A„K)))^ ^A„(u;), 
where we use the relation "^"^^l"^ = ^ ■ Therefore we have 



(3.1) 



+(m^ - m°)cosec( J(l - A„(?;)))j ^n„, 
where na := nao- 

Now we prove Theorem A. 

Proof of Theorem, A. In this proof, we use the above notations. Let X be the above 
vector field on C. From (3.1), we have 



= ^i{ml + m°) cot(— (1 - iXa)uo{w))) 

a=l ^ 



+{ml - m°)cosec(— (1 - {Xa)uoiw))) j ^K)«o 

^/ cos(^(l-(A„).o(°.^))) + l ^ 
£^1^ sin(^(l-(A„)„„(^))) ^""^ 

, COs(^(l-(Aa)no(^)))-l „W 

+ sin(iL(i-(A„)„„ (..))) X"^«j26/"«^-- 

Denote by f' the cardinal number of the set {a | (Aa)^|3^(l) n dC : open in dC}. 
Clearly we have r + 1 < f' < f. By reordering {1, • • • , f}, we may assume that this 
set is equal to {I,-- - ,f'}. Fix wq ^ C and oq G {I,-'" j^'}- Foi" simplicity, set 
5^ao ■= ('^ao)wo^(l) l~l ^C*. Let w'q be the point of such that — w'q is normal to 
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(Jag and set Wq := ewq + (1 — £)wq for e G (0, 1). Then we have lim {Xao)iio{wQ) = 1 



and sup (Aa)uQ(iyQ) < 1 for each a G {1, ■ 

0<£<1 



+0^ 



cos(^(l - 

lini ^i"—- 

£:-»+o sin(T^(l 



(Aa„)«„K))) + l 



{Ko)uo{'wl,))) 



oo 



• ,r} \ {ao}. Hence we have 

cos(5^(l-(A„J,„„K)))- 

lim 

' ,^+0 sin(£-(l-(A„J„„K))) 



= 



"«0 



and 



cos(^(l-(AaU(u;5)))±l 

sup 

0<£<i sin(^(l - (Aa)„o(w;g))) 



< oo. 



Therefore, we have hm 



("■an) 



X is as in Fig. 1 on a sufficiently small collar neighborhood of (Ta,,. Therefore, the 
flow of X is as in Fig. 2 on a sufficiently small collar neighborhood of dC. Take an 
arbitrary focal submanifold F of M and set F := (tt o which is a focal 



°° y° 1 1 and lim^ H-'^wdl = oo. This implies that 



ao 




Fig. 1. 




Fig. 2. 
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submanifold of M and passes through dC. From the above fact for X, we see 
that there exists a parahel submanifold M' of M such that the mean curvature 
flow Ml having M' as initial data converges to F in finite time. Then M' := 
(tt o (j)){M') is a parallel submanifold of M. According to Lemma 3.1, (tt o (f)){M[) 
is the mean curvature flow having M' as initial data and it converges to F in flnite 
time. Thus the statement (i) is shown. Next we shall show the statement (ii). 
Assume that M is irreducible and the codimension of M is greater than one. Let 
M' and F be as in the statement (ii) . Assume that the mean curvature flow having 
M' as initial data converges to F in finite time T. Set M' := (tt o 0)~^(M') and 
F := {tt o (f))~^[F). Since the fibration of M onto F is a spherical fibration, F 
passes through a highest dimensional stratum a of dC. Let oq be the clement of 
{1, • • • ,f'} with a C (AaJ-gi(l). Set M/ := (tt o (j))-\Ml) {t G [0,r)), which is the 
mean curvature flow having M' as initial data. Denote by (resp. ^4*) the shape 
tensor of M/ (resp. Ml). Let M' n {uo + C) = {ui}, ^ : [0,T) ^ C be the integral 
curve of X with ^(0) = u\ — uq and ^{t) be the parallel normal vector field of M' 

with i{t)y.^ = ^{t). Then, since M/ is the parallel submanifold of M' for ^{t) , we 
have 

Specit \{o} = { . ^nY(L^ ^^ = •• ^ ^ ^> 

for each v G T^^+i.^^^Ml = T^^M. Since ^^^^(i) G (Aao);:o'(l), we have 
lim (AaJuo(^(t)) = 1 and lini (Aa)wo(^(*)) < 1 (a / oq). Hence we have 

^J^imJ|I*||^(r-i) 

/qq^ = lim (Aao)«o(^)^ fr-i) 

*^-^"-o(l-(A.o)«o(ai)))^^ ^ ^ 

:(Aao)«oW^ 1™, 



2V «o.«ov , t^T-o{i-{K,u{mma,u{i'{t)r 
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Since ^'{t) = (F^W )M„+5(t), we have 

^Jlm^(l - (Aa„)„o(e(t)))(A„J„„(e'(t)) 



lim > 

t^T-O 

a=l 



(m^ + mg)(l-(A,oU(g(t))) 
tan(^(l-(AaK(?(t)))) 

ollll 



sin(iL(i_(A,),„(e(f)))) ; 2b. 
+ «o - ^ 



cos(^(l-(A„J„„(e(i))))^ 

'aollV^aoywoll ' 

which together with (3.3) deduces 



t\\2 irr 4.\ _ ('^ao)uo(^)^ 



(3-4) hm \\Al\\%.{T - 1) „ ,,/ n , 

and hence 



e 



hm max ||^(r - t) = ^ 

Thus the mean curvature flow M[ has type I singularity. Set vt ■= (tt o 
and let {A*,-- - , A*,} (A* < • • • < A*J (rcsp. {fi\,--- , fJ^} {0 < 4 < ■ ■ ■ < M^)) 
be all the eigenvalues of A^^^ (resp. R(-,vt)vt), where n := dimM. Since M is an 
irreducible equifocal submanifold of codimension greater than one by the assump- 
tion, it is homogeneous by the homogeneity theorem of Christ (see [Ch]) and hence 
it is a principal orbit of a Hermann action by the result of Heintze-Palais-Terng- 
Thorbergsson (see [HPTT]) and the classification of hypcrpolar actions by Kollross 
(see [Kol]). Furthermore, M and its parallel submanifolds are curvature-adapted 
by the result of Goertsches-Thorbergsson (see [GT]). Therefore, and R{-,vt)vt 
commute and hence we have 

n n 

(^6^(4* - id) n Kei{R{-,vt)vt - ii] id)) = T(^o0)(«o+e(t))^t • 

i=i j=i 

Set Ej- := Ker(4^ - A* id) n Ker{R{-,vt)vt - n] id) (i, j G {1, • • • , n}) and k := 
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{{ij) e {!,■■■ ,ny\ Ejj 7^ {0}}. For each G /*, we have 



. {A*} (/X* = 0) 

in terms of Proposition 3.2 of [Koil] and hence 

G /* s.t. /X* 7^ ^ U {|A*| I e It s.t. /X* = 0} 
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max 



arctan 



It is clear that sup lA < oo. If hm I A* I = oo, then we have hm 

0<t<T t^T-o' t^T-O 



\ 



1. Hence we have 



arctan 



/a: 



lim \\Al\\l^{T-t) 



n 



= max|jim^(A*)2(r-t)|i = l,. 

= ^Jim^max{(A*)2(r-i)|i = !,••• ,n} 
= J^J\Ai\\l{T-t), 



t^T-O 

which together with (3.4) deduces 

hm J|4j|^(T-t) 



2m|oll(nao)wol 



Therefore we obtain 



hm max ||A* ||i,(r - t) = < oo. 

cxp-L(5{t)) ' "0 



q.e.d. 



Thus the mean curvature flow Ml has type I singularity. 

Next we prove Theorem B. 

Proof of Theorem B. For simplicity, set /:={!,••• , f}, where f is as above. Let a be 
a stratum of dimension greater than zero of dC and Ig? := {a G 1 1 a C (Aa)^Q^(l)}. 
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Let w E a and w be the parallel normal vector field of M with Wxq = w. The 
horizontal lift of w to H^[[0, 1]. g) is a parallel normal vector field of M. Denote 
by F (resp. F) the focal submanifold of M (resp. M) for w (rcsp. w^) and by 
(resp. H^) the shape tensor (resp. the mean curvature vector) of F. Then we have 

\aei\i53ez J \aeiBjez\{o} J 



Also we have 



\aelff 



where we identify Tu,+r,H%[0, 1], g) with Tu,H%[0, 1], 5). For v G T„^^M (c T^Vt.'^)' 
we have 

^!\vMiEM = T^^J^^J^)'^ «'^'-^') ^ «^ \ ^ ^) U X \ {0})))- 

Hence we have 



ml(Xa:2j)uo{v) , m°{Xa,2j+l)uo{v) 



"^a(A„ .2,;)u„('') , '"a (Aa.2j + 1 )«,,('■) 

1-(A, 

m°)cot(- 



,vr(l - (Aa)«oM). 



ha 



Hml - <)cosec( "(^-(^-)""(")^ )) ^(A„).o(.) 

, [ "^a(Aa)no(^) 1 K(Aa)«o(^) 1 

«675 \ " iez\{o} " jez ^ 

E (« + Ocot( 



7r(l - (Aa)»oH) 

ha ' 



+« - <)cosec( "(^-(^^")"°(")^ ) ^^{XaUivl 
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that is, the T^M-component {{H^)uo+w)t± m °f (-f^^)«o+«' equal to 

,7r(l - (Aa)no(«^))- 



(^{ml + ml) coi(- 



ha 



-) 



,7r(l - (Aa)«o(^i'))^^ ^ 



+« - Ocosec( ) J ^(na)«o- 



Denote by <J>„„+^u the normal holonomy group of F at uq + w and L„„ be the 
focal leaf through uq for w. Since L„g = $uo+w ' '"O; there exists ji G ^uo+w 
such that ii{T,^^M) = T^^M for any point ui of Prom this fact, we have 

IJ,{{{H^)uo+w)j'±m) = {{H^)uo+w)rj.^]^- Furthermore, from this fact, we have 



"0 



{H )uQ+w £ 1^ -^j which contains a as an open subset. Therefore, we obtain 

iH~-U..= E (« + <)cot( "(^-y"°(")) ) 
(3.5) »eA^5 ^ 

- m-)cosec( ^^^"^^^"^"°^"^^^ )) ^(n.)„, (g Ta). 

Define a tangent vector field on a by := {H^)uo+w {w e a). Fix G 5. 
Let ^ : [0, T) ^ a be the (maximal) integral curve of X'^ with ^(0) = w, where T 
is possible to be equal to oo. Since ^(t) — G 5 (c T^^^^,^^,F), preserves ct 

invariantly and it acts on a trivially, ^(t) — w extends to a parallel normal vector 

field of F. Denote by £,(t) — w this parallel normal vector field and by £,(t) — w := 

(vrot/))^ (^ (t) — w) , which is a parallel normal vector field of F. Also, denote by F^-^-^-^ 

the parallel submanifold of F for ,^(t) — and by -^^-^^^^ the parallel submanifold of 

F for ^(t) — w. Let Ft (resp. Ft) be the mean curvature flow having F (resp. F) as 
initial data. Then, by imitating the proof of Lemma 3.1, wc can show Ft = — 

and Ft = F^^^^-^ (t G [0,T)). By using these facts and (3.5) and imitating the 

proof of the statement (i) of Theorem A, we can show the statement (i). Also, by 
imitating the proof of the statement (ii) of Theorem A, we can show the statement 
(ii). q.e.d. 
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F 




Fig. 3. 

4 The mean curvature flows of orbits of Hermann ac- 
tions 

In this section, we describe explicitly the mean curvature flows of orbits of Her- 
mann actions whose principal orbits are full and irreducible. Let G/K be a sym- 
metric space of compact type and H he & symmetric subgroup of G. Also, let 9 
be an involution of G with (Fix0)o <Z K d Fix0 and r be an invloution of G 
with (FixT)o C H C Fixr, where Fix 6 (resp. Fixr) is the fixed point group 
of 6 (resp. r) and (Fix0)o (resp. (FixT)o) is the identity component of Fix^ 
(resp. Fixr). We assume that t o 9 = 9 o t. Set L := Fix{9 o r). Denote by 
the same symbol 9 (resp. r) the involution of the Lie algebra g of G induced 
from 9 (resp. r). Set 6 := Ker(6' - id), p := Ker(6' + id), f) := Ker(T - id) and 
q := Ker(T + id). The space p is identified with TexiG/K). From 9 o t = t o 9, 
we have p = pflfi + pHq. Take a maximal abelian subspace b of p n q and let 
p = 3p(b) + P/3 be the root space decomposition with respect to b, where 3p(b) is 

the centralizer of b in p, A'_^ is the positive root system of A' := {/3 G b*\{0} | 3 

0) G p s.t. ad(6)^(X) = — /3(6)^X (V6 G b)} under some lexicographic ordering of 

b* and p^ := {X G p\ad{b)^{X) = -p[hfX (V6 G b)} (/3 G A'^). Also, let 
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l^'l := G AV I P/3 n q / {0}} and A':;^ := {/3 G A^ | p^j n f) 7^ {0}}. Then 
we have q = b + J2 (ppriq) and t) = ^{b) + J2 iPp ^ ^)) where ^{b) is the 

centrahzer of b in [). The orbit H{eK) is a reflective submanifold and it is isometric 

to the symmetric space H/H n K (equipped with a metric scaled suitably). Also, 
exp-'"(T^(i/(ei('))) is also a reflective submanifold and it is isometric to the sym- 
metric space L/H n K (equipped with a metric scaled suitably), where exp-*- is the 
normal exponential map of H{eK). The system A'^ := A'^ U (— A'lj^) is the root 
system of L/H D K. Define a subset C of b by 

C := {6 G b I < m < vr (V/9 G A'i: \ A'J), -| < /3(6) < | (V/3 G A'J \ A'^), 
0</3(6)<|(V/5g A'^nA'J)}. 

Let n be the simple root system of A'_,., and set Uy Hn A'^j^ and Hh ■= Iln A'^. 
Also, let 5 be the highest root of A'+ U 2A'+ . Set fi := n U {S}, fiy := fi n A'+^ 
and fiif := n n (A'+^ U 2A'+^). Then we have 

C = {6 G b I Pib) > (V/3 G Uv), m > -| (V/3 G \ ny), ,5(6) < vr}, 

Set C := Exp((7), where Exp is the exponential map of G/K at eK. Let P{G, H x 
K) := {g G H'^{[0,1],G)\ {g{0),g{l)) e H x K}, where H'^{[0,1],G) is the Hilbert 
Lie group of all iif^-paths in G. This group acts on H^{[0, 1], s) as gauge action. The 
orbits of the P{G, H x i^)-action are the inverse images of orbits of the iJ-action 
by vr o The set E := Exp(b) is a section of the //-action and b is a section of the 
P{G,H X ii')-action on H^{[0, 1],0), where b is identified with the horizontal lift of 
b to the zero element of H^{[0,l],g) (0 :the constant path at the zero element 
of g). The set C is the fundamental domain of the Coxeter group of a principal 
P{G, H X i^)-orbit (hence a principal if-orbit) and each prinicipal i/-orbit meets C 
at one point and each singular i/-orbit meets dC at one point. The focal set of the 
principal orbit P{G, H x K)-Zq {Zq G C) at Zq consists of the hyperplanes /3~^(jvr)'s 
(/3 G A'^ \ A'^, j G Z), + i)vr)'s (/? G \ A'^, j G Z), ^Hf )'« (/? € 

A'^;^ n A':^, j G Z) in b(= r^^(P(G, HxK)- Zq)). Denote by exp<^ the exponential 
map of G. Note that vr o exp*^ |p = Exp. Let Yq £ C and M{Yo) := H{Exp{Yo)). 
Then we have r4p(yj,)M(yo) = (exp^(Fo))*(b). Denote by A^'' the shape tensor 
of M{Yo). Take v G T^^p(^y^^)M{Yo) and set v := {exp'^{Yo))-^{v). By scaling the 
metric of G/K by a suitable positive constant, we have 

(4.1) <1exp«(ye).(p,n,) = ^ ^'l) 
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and 

(4.2) ^.''lexpG(yo).(p,n(,) = /?(^) tan/3(yo)id {d G A'f). 

Set := dim(p^ n q) (/3 G A'+) and := dim(p;3 n [))(/? G A'+ ). Set M{Yq) := 
(tt o </))-! (M(Fo))(= ^'(G, X is:) • Fo)- We can show (vr o (P){Yo) = Exp(yo). 




Fig. 4. 

Denote by the shape tensor of M{Yo). According to Proposition 3.2 of [Koil], 
we have 

Spec(i?^|(..,),.^(expO(y,).(,,n,))) \ {0} = ^ ^> ^ <)' 

Spec(Ari(,„,)-. (3.,.(,„),(,^,,„) \ {0} = G Z} (/3 G A'J), 

and 
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Hence the set 'PC^^^^^ of all principal curvatures of M{Yo) is given by 



rc 



M(Yo) 



{ 



/3(>o)+Jvr 



I^G A'l, jGZ}U{ 



/3(:^o) + (j + ^)7r 



where /3 is the parallel section of (r-'-M(lo))* with (5uq = (3 o exp'^(lo)* ^- Also, we 
can show that the multiplicity of ^^^Tj^^.^ (/3 G A'l,^) is equal to and that of 

0(Yo)l(j+-L)^ (P ^ ^'+) is ^^^^1 to mj. Define and 6^° (/3 G A'+) by 



TT 



/3(Fo):/3(>o)' 

-/? TT 



TT 



I V(Fo)' 2/3(yo) 



) 



(/? G A'^ \ A' J) 
-) (/? € A'J \ A'i) 



(/? e A'^ n A'J) 



Then we have 



when /3 G A'lf \ A'^ , 



A'^. That is, we have 



when 



)when/3G A'^n 



l+2ifoJo' l+(2i+l)6jo 



PC 



M(yo) 



{ 



Denote by m/jj the multiplicity of ^^'i . Then we have 



a;, jeZ}. 



m/3,2j 



r4 {PeA'l\A"l) 
r4 (/3gA';\A'^) 



(/3G A'^\A-) 



■/3 



where j G Z. Denote by the mean curvature vector of M(Fo) and the 



(/?gA'^^\A' 
mf (/3g A'JnA'J), 
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curvature normal corresponding to A^°. Prom (3.1) (the case of v = 0), we have 

+ 2mf cot-^x-^nJ« 



+ I] (("^^ + "if)cot-^ + C 



- )cosec-^ -^^n/ 
/JeA'^nA'^ V ^1^ / 

= Yl m^P{Yo)cotp{Yo)nf 

- Y rnf{P{Yo) + ^)te.nP{Yo)nf 

^eA'](:nA':^ 

+(m^ - )cosec2/3(yo)) nj«. 

Define (g b) by /?(•) = {P'^, •) and let ° be the parallel normal vector field of 

M{Yo) with (^f^°)yo = Z^", where we identify b with r;^M(yo)- FVom the definition 
of A^°, we have 



^ (/? G A'lf \ A' J or /3 G A'lf n A'f ) 



Substituting this relation into (4.3), we have 

H^° = - Y cot PiYo)pi^° + Y mJtan/3(yo)/9^^° 

/36A'Y\A':» /3eA':5f\A'Y 
(4.4) - Y {{m^ + m^) cot 2P{Yo) 

peA'^nA'^ 

+(m^ - mf )cosec2/3(yo)) 



Define a tangent vector field X on C by Xy^ := (i^^'')yo ^yo^^(^o) = ^))- 
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Prom (4.4), we have 

Xyo = - cot f3{Yo)p^ + ^ ianf3{Yo)p^ 

(4-5) - J2 {{m^ + ni^)cot2P{Yo) 

iSeA'^nA''^ 

+(m^ - mf )cosec2/3(yo)) 

In order to analyze the mean curvature flows having principal orbits of the i?-actions 
as initial data, we have only to analyze this vector field X. By using (4.5), we can 
explicitly describe X for each Hermann action. Set 



{ r'(o) (/3eny) 

[ r^TT) (/3 = <5). 



Let a = 1 when 5 G A'^ \ A';^ and a = \ when 5 G A';^. Fix a stratum a of dC. 
Define A' J by A' J := (A'+ \ (HU {a5})) U {/3 G HU {a(5} \d Ip} and set {A%f := 
A'l n A'^ and (A';^)^ := A';^ n A'^. Fix Zq e a. Set F{Zo) := H{ExpZo) and 
F{Zo) := P{G,Hx K) ■ Zq. Denote by H^'> (resp. H^°) the mean curvature vector 
of f\Zo) (resp. F{Zq)). Define a tangent vector field on a by (X^^) := {H^°)zo 
{Zq G a). From (3.5) (the case of w = Zq — Yq), we have 



iX^)zo = - Yl m^cot/?(Zo)/?« 



^e(A'^)5\(A'^)5 
+ ^ mf tan/3(Zo)/3« 
(4.6) ^e(A'«)5\(A'Y)'^ 

H ((mj + mf) cot 2/3(Zo) 

^e(A'^)5n(A':»)5 

+(m^ - mJ)cosec2/?(Zo)) 

In order to analyze the mean curvature flows having singular orbits through a of the 
i?-action as initial data, we have only to analyze the vector field X'^. Now we shall 
describe explicitly the above vector fields X and X^ for some Hermann actions. We 
shall use the above notations. 

Example 1. We consider the isotropy action Sp{n) r\ SU{2n)/Sp{n). Then, since 
A' is equal to the root system of SU{2n)/Sp{n), it is of (A„_i)-type and each of its 
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roots is of multiplicity 4. We can describe b, A'_|.,n and S as 

n II 

b = {J]xiei| ^Xi = 0}(cR"), 

(4.7) i=i j=i 

A'^ = {{f3i-Pj)\b\l<i<j<n}, 

^ = {(A-A+l)|b|l<^<n-l}, d={Pi-Pn)\b, 

where (ei , • • • , e„) is the orthonormal base of and , • • • , /3n) is the dual base of 
(ei, • • • , en). For simplicity, we set Pij := {(3i-Pj)\b [l < i < j < n), I := {1, • • • ,n} 
and I := G 1 1 < i < j < n}. Since we consider the isotropy action, we 

have A'+ = A'_^ and A'+ = 0, that is, 

C = {x e b I < /?y(x) < TT e /)} 

= {x G b I A,i+i(x) > (i = 1, • • • ,n - 1), /3in(x) < tt}. 

Prom (4.5), we can describe X explicitly as 

Xx = -4 ^ cot/3y(x)/3| = -4 ^ cot(xj - Xj){ei - Cj) 

/A ON (ij)e? (i,i)6f 

(4.8) n 

= -4^( ^ cot(a;j - a;j))ej (x(= ^ XjCj) € C). 
iei 3ei\{i} «=i 

Take a stratum a of 9C Set := {(i,i + l)|l<i<n — 1}U {(l,n)}, := 

/3^/+i(0) (1 < i < n - 1) and /i„ := /Jfn (vr). Set := {(i,i) G | a C 4^}. Also, 

set /f := {j G / 1 (i, i) G / \ or (j, i) G / \ i~} (i = 1, • • • , n). Then, from (4.6), 
we can describe X'^ explicitly as 

X^ = —A ^ coi{xi — Xj){ei — ej) 

(4.9) / \ " ^ 
= -4^1 ^ cot(xi - Xj) j (x(= ^Xjei) G a). 

According to (4.8), a principal orbit S'p(n) (Exp x) (x G C) is minimal if and only if 
the following relations hold: 

(4.10) ^ cot(xj -xj) = (i = 1, • • • , n). 

j6/\{i} 
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Also, according to (4.9), a singular orbit S'p(n)(Expx) (x G a) is minimal if and 
only if the following relations hold: 



(4.11) 



cot(xi — Xj) = {i = 1, ■ ■ ■ ,n). 



■X-i < TT 



In the sequel, we consider the case of n = 3. By solving (4.10) under < Xj 

G /), we have {xi,X2,X3) = (|,0,— |). Therefore the orbit S'p(3)(Exp(|ei — 
^63)) is the only minimal principal orbit of the S'p(3)-action. Denote by ai2, 523 
and ai3 one dimensional stratums of dC which are contained in /3j~2^(0), /523^(0) and 
Piii'^)^ respectively. For {k,l) G /, by solving (4.11) (the case of a = ^ki) under 
< Xi - Xj < TT £ I\ we have 



(a;i,X2,X3) 



TT TT TT 
.It TT TT , 

^3' "6' "6^ 



((fe,0 = (l,2)) 
((fc,0 = (2,3)) 
((A;,0 = (l,3)). 



Therefore the orbits S'p(3)(Exp(f (ei + 62 - 263))), 5'p(3)(Exp(f (2ei - 62 - 63))) and 
S'p(3)(Exp(^(ei — 63))) are the only minimal singular orbits through one dimensional 
stratums of dC of the S'p(3)-action. 




f(ei + e2-2e3) 



Fig. 5 



Next we shall investigate the divergences d'w X and divX*^*:' of X and X"'''' {(k, I) G 
/). Take an orthonormal base {vi := :^(ei — 62), V2 := :^(ei + 62 — 263)} of b. Let 
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3 2 

X = ^ Xiei = ^ UiVi. Then, from (4.8), we have 
1=1 i=l 



Xx = -4 |^V2 cot V2yi + {V2 - ^) cot(--^yi + 



\/6 . 
-2-2/2) 



1,1 \/6 ,\ 

^cot(-^yi + — y2)Ui 



-2V6 I cot(— yi + —y2) + cot(-— yi + — ^2) I 



V2 



and hence 



(divX)x = 8 ^ ^ + j= + j= > 0. 

\^sin2 V2yi sin2(-ijyi + ^y^) ^ui\-^y^ + ^7/2) / 

Therefore, since X has the only zero point, divX > on C and X is as in Fig.l 
over a collar neighborhood of a^i ((A:, /) G /) (see the proof of Theorem A), all the 
integral curves of X through points other than its zero point f (ei — 63) converge to 
points of dC in finite time. Similarly we can show divX*^*' > on a^i {(k, I) G /). 
Hence all integral curves of X'^'^* through points other than its zero point converge 
to points of da^i in finite time. Therefore we obtain the following fact. 



Proposition 4.1. The mean curvature Row having any non-minimal principal orbit 
of the Sp{3)-action (on SU{6)/ Sp{3) ) as initial data converges to some singular orbit 
in Enite time. Also, the mean curvature Row having any non-minimal singular orbit 
through exp-*- (aki) of the Sp{3)-action as initial data converges to one of two singular 
orbits through exp-^{daki) in Rnite time. 



Example 2. We consider the Hermann action SO{2n) r\ SU{2n) / Sp{n). Since 
L/H n is equal to {SU{n) x SU (n)) / SU (n) , the cohomogcncity of this action 
is equal to the rank n — 1 of {SU{n) x SU{n))/ SU{n). On the other hand, the 
rank of SU{2n)/Sp{n) also is equal to — 1. Thus the cohomogeneity of this ac- 
tion is equal to the rank of SU {2n) / Spin) . Hence a maximal abelian subspace b of 
p n q is also a maximal abelian subspace of p and hence A' is the root system of 
SU{2n)/ Sp{n), it is of (yl„_i)-type and each of its roots is of multiplicity 4. Hence 
the quantities b, A'_j_, H and 6 are given as in (4.7). Let /3j, / and / be as in 
Example 1. Also, since A'^ is the root system of {SU{n) x SU{n))/SU{n), it is of 
(^„_i)-type and each of its roots is of multiplicity 2. Hence we have A'^ = A'+ 
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and each of its roots is of multiplicity 2. Therefore we have 



and 



(4.12) 



C = {xGb|A,i+i(x) > (i = I,-- - ,n- 1), /3i„(x) < -} 



= -4 cot 2A^(x)4 = -4 ^ cot 2{xi - Xj){ei - ej) 

= -4^( ^ cot2(xi - Xj))ej. 
ie/ jei\{i} 



Take a stratum a of 5C. Let and If be as in Example 1, where lin '■= /3iJ(f )• 
Then, from (4.6), we can describe X'^ explicitly as 



(4.13) 



is/ Vi6/f 



According to (4.12), a principal orbit 50(271) (Exp x) (x G C) is minimal if and only 
if the following relations hold: 



(4.14) 



cot 2{xi — Xj) =0 (z = 1, • • • , n). 



Also, according to (4.13), a singular orbit S'p(n)(Expx) (x G a) is minimal if and 
only if the following relations hold: 



(4.15) 



^ cot2( 



(z = l,. 



In the sequel, we consider the case of n = 3. By solving (4.14) under < — Xj < | 
((i,j) G /), we have (xi,X2,a;3) = (|,0, — |). Therefore the orbit S'0(6)(Exp(|ei — 
|e3)) is the only minimal principal orbit of the S'0(6)-action. Denote by ai2-, ^23 
and ai3 one dimensional stratums of dC which are contained in /3j~2^(0), /323^(0) and 
Pi^i^), respectively. For {k, I) G /, by solving (4.15) (the case of a = a^/) under 
< Xi- Xj < ^ G I \ /jj^J, we have 



{Xi,X2,Xs) 



f IT TT TT 

^6' 12' 12' 



((fc,0 = (l,2)) 
((fc,/) = (2,3)) 
((fc,/) = (l,3)). 
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Therefore the orbits 50(6)(Exp(f^(ei + 62 - 263))), S'0(6)(Exp(^(2ei - 62 - 63))) 
and 5*0 (6) (Exp (^(ei — 63))) are the only minimal singular orbits through one di- 
mensional stratums of dC of the S'0(6)-action. 




^(61 + 62-263) 



Fig. 6 



Next we shall investigate the divergences divX and divX'^'^' {{k,l) € !)■ Take an 

3 2 

orthonormal base {vi, V2} of b as in Example 1. Let x = ^ XjCj = Vi'^i- Then, 

i=i 1=1 

from (4.12), we have 



-4 ^V2cot 2V2yi + (^2 - --^) cot(V2yi + v^ya) 
-2V6 (^cot(V2yi + V6y2) + cot(- V2j/i + ^6^2)) V2 



and hence 



(divX)x = 16 



+ 



+ 



sin^ 2V2yi sm'^{V2yi + V^y2) sm'^{-V2yi + V^y2) 



> 0. 



Therefore, since X has the only zero point and X is as in Fig.l over a collar neigh- 
borhood of akl {{k, I) € I) by the proof of Theorem A, all the integral curves of X 
through points other than its zero point |(ei — 63) converge to points of dC in finite 
time. Similarly we can show divX"''^' > on aj-i {{k,l) G /). Hence all integral 
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curves of X'^'^^ through points other than its zero point converge to points of duki 
in finite time. Therefore we obtain the foUowing fact. 

Proposition 4.2. The mean curvature Sow having any non-minimal principal orbit 
of the SO{6)-action (on SU{6)/Sp{3)) as initial data converges to some singular 
orbit in finite time. Also, the mean curvature flow having any non-minimal singular 
orbit through exp-'-((jfci) of the SO{6)-action as initial data converges to one of two 
singular orbits through eyip^{daki) in finite time. 



Example 3. We consider the isotropy action S{U{p) x U{q)) r> SU{p + q)/S{U{p) x U{q)) 
{p < q). Then, since A' is the root system of SU(p + q)/S{U{p) x U{q)), it is of 
(Bp)-type and b, A'_|_,n and 5 arc described as 

b = Span{ei, • • • ,ep}, 

a; = {A - /3, I 1 < i < j < p} U {A I 1 < i < p} 
^ ■ > U{(3i + Pj\l<i<j <p}U {2/3, \l<i<p}, 

U = {Pi-Pi+i\l<i<p-l}U {(3p}, S = (3i+ /?2, 

where (ei, • • • , Cp) is the orthonormal base of b and • • • , Pp) is the dual base of 
(ei, , Cp). For simphcity, we set /3y := A - {I < i < j < p), I := {!,■■■ ,p} 

and / := G -/^^ | 1 < "i < i < p}- It is shown that Pij's {1 < i < j < p) and 

Pi + /3j's (1 < i < J < are of muhiphcity 2, /3j's (1 < i < p) are of multiphcity 
2(9 — p) and 2/3j's {1 < i < p) are of multiphcity 1. Since we consider the isotropy 
action, we have A'^ = A'_^_ and A';^ = 0, that is, 

C = {x G b I < Aj(x) < vr ((i, j) G /), < (A + < vr {(ij) £ /), 

< 2/3i(x) <Tr {i£ I)} 
= {x G b I A,i+i(x) > (1 < z < p - 1), ^p(x) > 0, + /32)(x) < tt}. 

From (4.5), we can describe X explicitly as 

= — ^2 2cot(a;i — Xj)(ei — Cj) — ^ 2cot{xi + Xj){ei + Cj) 

{i,j)&T («j)G/ 
— 2{q — p) cot Xj • ej — cot 2xi ■ 2ej 

= —2 ^ ^ (cot(xi — Xj)) + cot(a:;i + Xj)) + {q — p) cot Xj + cot 2xj j Cj 

n 

(x(= ^XiCi) G C). 
i=l 
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According to this relation, a principal orbit S{U{p) x ?7(g))(Expx) (x G C) is 
minimal if and only if the following relations hold: 

(4.17) ^ {cot{xi — Xj)+cot{xi+Xj)) + {q—p)cotXi+cot2xi = (i = l,---,p). 

In the sequel, we consider the case of p = 2. Then (4.17) is as follows: 

. . J cot(xi — X2) + cot(.xi + X2) + (q — 2) cot xi + cot 2xi = 

\ cot(x2 — xi) + cot(xi + X2) + [q — 2) cot X2 + cot 2x2 = 0. 

Under < Xj-Xj < vr G /), < Xi + xj < vr ((i, j) G /) and < Xj < | (i G /), 

the equation (4.18) has the only solution, which we denote by (ai,a2). Therefore 
the orbit S{U (2) x [7((/))(Exp(aiei + a2e2)) is the only minimal principal orbit of the 
S(U(2) X L'"(q'))-action. Here we note that lim (0:1,02) = (?, f). Denote by ai, 3^2 

g— >oo 

and as one dimensional stratums of dC which are contained in /3{^^(0), /3^^(0) and 
(/?i + /32)~^(7r), respectively. Then we have 

= -2(2 cot 2x1 + iq- 2) cot xi)(ei + 62), 
X^'^ = — 2(gcotxi + cot2xi)ei, 

= -2(2 cot 2x1 + {q-2) cot xi)(ei - 62). 

Hence the orbit S{U{2) x U{q)){Ex.p x) (x G ai) is minimal if and only if 2 cot 2xi + 
(q — 2) cot xi = (x2 = Xi) holds, that is, (xi, X2) = (arctan ^q — 1, arctan ^q — 1). 
Hence the orbit S{U{2) x ?7(q'))(Exp(arctan y/q — l(ei + 62))) is the only minimal 
singular orbit through ai. Also, the orbit S{U{2) x C/(g))(Expx) (x G CJ2) is 
minimal if and only if gcotxi + cot2xi = (x2 = 0) holds, that is, (xi,X2) = 
(arctan -^2g + 1,0). Hence the orbit S{U{2) x C/(g))(Exp(arctan-v/2^"+Tei)) is the 
only minimal singular orbit through 5^2 • Also, the orbit S{U{2) x [7(g)) (Exp x) 
(x G 0^3) is minimal if and only if 2 cot 2xi + {q — 2) cot xi = (x2 = vr — xi) holds, 
that is, (xi,X2) = (arctan — 1, 7f — arctan ^g — 1). Hence the orbit S{U{2) x 
[/"(g))(Exp(arctan-v/g — lei + (tt — arctan -y/g — 1)62)) is the only minimal singular 
orbit through a^. 
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Fig. 7. 

Easily we can show divX > (on C). Therefore, since X has the only zero point 
and X is as in Fig.l over a collar neighborhood of Oi [i = 1,2,3) by the proof of 
Theorem A, all the integral curves of X through points other than its zero point 
converge to points of dC in finite time. Also, we can show divX*^* > on aj 
{i = 1,2,3). Hence all integral curves of X^^ through points other than its zero 
point converge to points of dai in finite time. Therefore we obtain the following 
fact. 



Proposition 4.3. TJie mean curvature How having any non-minimal principal orbit 
of the S{U{2) X U{q))-action (on SU{2 + q)/S{U{2) x U{q))) as initial data converges 
to some singular orbit in finite time. Also, the mean curvature Bow having any non- 
minimal singular orbit through exp-'-(orj) of the S{U (2) x U{q))-action as initial data 
converges to one of two singular orbits through cxp^(9aj) in finite time. 



Example 4- We consider the isotropy action 5 ([/(p) x U{p)) r\ SU{2p)/ S{U{p) x U{p)). 
Then, since A' is the root system of SU{2p)/ S{U{p) x U{p)), it is of (Cp)-type and 
b, A'_,_,n and S are described as 

b = Span{ei, • • • ,6^}, 

= {P^-Pj\'^<i<j<P}^{P^+Pj\^<i<j<P} 
^ ' U{2A|l<z<p}, 

n = {A - A+i 1 1 < ^ < P - 1} U {2pp}, d = 2pi, 

where (ei, • • • , Cp) is the orthonormal base of b and [Pi, - ■ ■ , Pp) is the dual base of 
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(ei, • • • , Bp). For simplicity, we set /3ij := A - Pj {1 < i < j < p), I := {!,■■■ ,p} 

and / := e P\l <i < j <p}. It is shown that /?.y's G /) and Pi + P/s 

G I) are of multiphcity 2 and 2/3j's (i G I) are of niultiphcity 1. Since we 
consider the isotropy action, we have A'^ = A'^ and A';^ = 0, that is, 

C = {x G b I < Aj(x) < TT ((i, j) G /), < (A + /?,)(x) < TT ((i, j) G /), 

< 2/3i(x) < TT (i G /)} 
= {x G b I A,,+i(x) > (1 < i < p - 1), 2/3p(x) > 0, 2/3i(x) < vr}. 

From (4.5), we can describe X exphcitly as 

= — ^2 ^cot{xi — Xj){ei — Cj) — ^2 2cot(xj + a;j)(ej + Cj) 
(ij)6/ (ij)e/ 
— cot 2xj • 2ej 

= —2 (cot(a:;i — Xj) + cot(a:;i + Xj)) + cot 2xi I e^. 

According to this relation, a principal orbit S{U{p) X [/"(p))(Expx) (x G C) is 
minimal if and only if the following relations hold: 

(4.20) ^ (cot(a;i - Xj) + cot(a;i + a;j)) + cot 2^1 = (i e I). 

In the sequel, we consider the case of p = 2. Then (4.20) is as follows: 

2]^) / cot(xi - X2) + cot(xi + X2) + cot 2x1 = 

\ cot(x2 — xi) + cot(xi + X2) + cot 2X2 = 0. 

Under < xi — X2 < vr, < xi + X2 < tt, < 2xi < tt and < 2x2 < tt, the 
equation (4.21) has the only solution, which we denote by {ai,a2)- Therefore the 
orbit S{U{2) x L'^(2))(Exp(aiei + 0262)) is the only minimal principal orbit of the 
<S^(2) X C/(2))-action. Denote by ai, ct2 and (T3 the one dimensional stratums of 
dC which are contained in /3{^^(0), (2/32)~^(0) and (2/3i)~^(7r). Then we have 

= -4 cot 2x1 (ei + 62), 

= -2(2cotxi + cot2xi)ei, 

X^^ = -2 cot 2X262. 

Hence the orbit S{U (2) x U (2)) (Exp x) (x G ai) is minimal if and only if cot 2xi = 
(x2 = xi) holds, that is, (xi,X2) = (f , f ). Therefore the orbit S{U{2) x U{2)) 
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(Exp(^(ei + 62))) is the only minimal singular orbit through a\. Also, the orbit 
S{U{2) X C/(2))(Expx) (x e 02) is minimal if and only if 2cot.Ti + cot2xi = 
(x2 = 0) holds, that is, (xi,X2) = (arctan -s/S, 0) . Therefore the orbit S{U{2) x 
C/(2))(Exp(arctan\/5ei)) is the only minimal singular orbit through ^2. Also, the 
orbit S{U{2) x L'"(2))(Exp x) (x G ^3) is minimal if and only if cot 2x2 = (xi = |) 
holds, that is, (xi,X2) = (§,f). Therefore the orbit S{U{2) x C/(2))(Exp(f (2ei + 
62))) is the only minimal singular orbit through 0^3. 




V5ei 

(2/32)-i(0) (A2)-^(vr) 

Fig. 8. 

Easily we can show divX > (on C). Therefore, since X has the only zero point 
and X is as in Fig.l over a collar neighborhood of (jj {i = 1,2,3) by the proof of 
Theorem A, all the integral curves of X through points other than its zero point 
converge to points of dC in finite time. Also, we can show divX'^* > on aj 
{i = 1,2,3). Hence all integral curves of through points other than its zero 
point converge to points of dai in finite time. Therefore we obtain the following 
fact. 

Proposition 4.4. The mean curvature How having any non-minimal principal orbit 

of the S{U{2) X U{2))-action (on SU{4)/S{U{2) x U{2))) as initial data converges 
to some singular orbit in Enite time. Also, the mean curvature Bow having any 
non-minimal singular orbit through exp-'-(orj) of the S{U{2) x U{2))-action as initial 
data converges to one of two singular orbits through exp-'-(55j) in finite time. 
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Example 5. Wc consider the Hermann action SO{p + q) r\ SU{p + q)/S{U{p) X U{q)) 
{p < q). Since L/i/H-K' is then equal to S'0(p+g)/5'0(p) X S'O(g'), the cohomogcneity 
of this action is equal to p, that is, it is the rank of SU {p+q)/ S{U{p) xU{q)). Hence a 
maximal abelian subspace b of pnq is also a maximal abelian subspace of p and hence 
A' is the root system of SU{p + q)/S{U{p) x U{q)). Hence A' is of (5j,)-type and 
the quantities b, A^, H and 5 are as in (4.16). Let (3i, (3ij, I and / be as in Example 
3. We have dimp/3^^. = dimp^-+^^ = 2 € /), dimp/3^ = 2{q - p) {i G /) and 

dimp2/3. = 1 (i G I). Also, since A'^ is the root system of SO{p+q)/SO{p) x SO{q), 
it is of {Bp)-type. The Satake diagram of SO{p + q)/SO{p) x SO{q) is as follows: 

C^-0» {p + q : odd) 

O O* •(^ {p + q : even, q — p > 4) 

O- -OTj. {p + Q '■ even, q-p = 2). 



Hence we have A'+ = A'+\{2A N e /}, dim(p;3,. nq) = dim(p^,+^. nq) = 1 {{i,j) G 
J) and dim(p^. n q) = q—p {i & I)- Furthermore we have A';^ = A'^, dim(p^.^ H f)) = 
dim(p^,+^^. n [)) = 1 {{i,j) G /), dim(p;3. D t)) = q - p {i e I) and dim(p2/3, nt)) = l 
(i G /). Therefore we have 

C = {x G b I (x) > (i = 1, • ■ • ,p - 1), /3p(x) > 0, {Pi + /32)(x) < |}. 

Prom (4.5), we can describe X explicitly as 

Xx = 2 tan 2xi ■ Cj — 2 cot 2(xj — Xj){ei — ej) 
i^i {i,j)eT 

— ^ 2{q — p) cot 2xi ■ Ci — ^ 2 cot 2(a;i + Xj){ei + ej) 

= 2 ^ 1 tan 2xi — {q — p) cot 2xi — ^ (cot 2{xi — xj) + cot 2(xj + xj)) I ej. 
ie/ \ «eA{*} / 

According to this relation, a principal orbit SO{p + gr)(Expx) (x G C) is minimal if 
and only if the following relations hold: 

(4.22) tan 2xj-(g-;j) cot 2xj- ^ (cot 2(xj - Xj) + cot 2(xj + Xj)) = (i G /). 

In the sequel, we consider the case of p = 2. Then (4.22) is as follows: 

fA / ~ ~ 2) cot 2x1 — cot 2(xi — X2) — cot 2(xi + X2) = 

1 tan 2x2 — (9 — 2) cot 2x2 — cot 2(x2 — xi) — cot 2(xi + X2) = 0. 
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Under < xi - X2 < f , < xi + X2 < f , < < f (z = 1, 2) and -f < 
2xi < ^ (i = 1,2), the equation (4.23) has the only solution, which we denote 
by (ai,a2)- Here we note that lim (01,02) = (f , f )• Denote by ai, cj2 and CJ3 



the one dimensional stratums of dC which are contained in /322^(0), P2 ^(0) ^^"^ 
(/?! + /?2)~"^(f ), respectively. Then we have 

= 2(tan2xi - {q - 2) cot 2xi - cot 4xi)(ei + 62), 

= 2(tan2.Ti - (7cot2xi)ei, 

= 2(tan2.Ti - (g - 2) cot 2xi - cot4xi)(ei - 62). 

Hence the orbit SO{q + 2)(Expx) (x G 5i) is minimal if and only if tan2.Ti — (q — 
2) cot 2xi — cot 4x1 = {x2 = xi) holds, that is, (a;i,a;2) = arctan ^^q — 1, 



^ arctan y |g — 1). Hence the orbit S0{q+2)(Exp{^ arctan y |g — 1 (61+62))) is the 
only minimal singular orbit through ai. Also, the orbit SO{q + 2)(Expx) (x G CJ2) 
is minimal if and only if tan 2x1 — (?cot2xi = (x2 = 0) holds, that is, (xi,X2) = 
(5 arctan 0). Hence the orbit S'0(g + 2)(Exp(^ arctan ^/qei)) is the only minimal 
singular orbit through (T2- Also, the orbit SO{q + 2)(Expx) (x G 3^3) is minimal 
if and only if tan2xi — (q — 2) cot 2xi — cot4xi = (x2 = ^ — xi) holds, that 

is, (xi,X2) = (f — ^ arctan -^1? — 1, 5 arctan ^^q— !)■ Hence the orbit SO{q + 

2)(Exp((| — i arctan ^^q — l)ei + ^ arctan \J\q — le2) is the only minimal singular 
orbit through 



^ arctan y^6i 

/32~'(0)-, 

/3r'(o)- 




(9- 



(9- 



^r2'(i) 



....(/3i+/32)-^(f) 
aiei + 0:262 

(5 ~ ^ arctan ^1 — l)ei + 5 arctan — le2 

* 00) 



/3r2Ho) 



y§g-l(ei + e2)--^-l(|) 



Fig. 9. 
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Easily we can show divX > (on C). Therefore, since X has the only zero point 
and X is as in Fig.l over a collar neighborhood of 5^ (i = 1,2,3) by the proof of 
Theorem A, all the integral curves of X through points other than its zero point 
converge to points of dC in finite time. Also, we can show div X'^* > on aj 
{i = 1,2,3). Hence all integral curves of X'^' through points other than its zero 
point converge to points of dai in finite time. Therefore we obtain the following 
fact. 

Proposition 4.5. The mean curvature How having any non-minimal principal orbit 
of the SO{q + 2)-action (on SU{q + 2)/S{U{2) x U{q))) as initial data converges 
to some singular orbit in finite time, where q > 2. Also, the mean curvature flow 
having any non-minimal singular orbit through exp-'-(crj) of the SO{q + 2)-action as 
initial data converges to one of two singular orbits through cxp^{dai) in finite time. 

Example 6. We consider the Hermann action S0{2p) r\ SU {2p) / S (U (p) x U{p)). 
Since L/H CiK is then equal to S0{2p) / SO{p) x SO{p), the cohomogeneity of this 
action is equal to p{= r&nk.{SU{2p) / S{U{p) x U{p)))). Hence a maximal abelian 
subspace b of p n q is also a maximal abelian subspace of p and hence A' is the 
root system of SU{2p)/ S{U{p) x U{p)). Hence it is of (Cp)-type and the quantities 
b, A'^, H and 5 are as in (4.19). Let Pi, f3ij, I and / be as in Example 4. We 
have dimp/3.^. = dirapp^+p. = 2 G 1) and dimp2/3i = 1 (i G /). Also, A'^ is 

the root system of SO{2p)/SO{p) x SO{p). Hence it is of {Dp)-type and we have 
A'^;^ = {pij I {i, j) G /} U {A + fij I (i, j) G /} and dim{pp.. n q) = dim(p;3.+;3. n q) = 1 

G /). Hence we have A'^ = A'^ and each root of A';^ has multiplicity 1. 

Therefore we have 

C = {x G b I /3m+i(x) > (i = 1, • • • ,p - 1), (/3p_i + /?p)(x) > 0, 2/3i(x) < |} 
and 

= - ^ 2 {col2{xi - Xj){e.i- ej)-\-cot2{xi-\-Xj){e.i-\-ej)) 
+ tan 2xi ■ 2ei 

i&I 

= 2 ^ — ^ (cot 2{xi — Xj) -\- cot 2{xi + Xj)) + tan 2xj j Cj. 

i^I \ i6A{i} / 

According to this relation, a principal orbit 50(2^?) (Exp x) (x G C) is minimal if 
and only if the following relation holds: 

(4.24) ^ (cot 2{xi -Xj)+ cot 2{xi + Xj)) - tan 2xi = (i G /). 
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In the sequel, we consider the case of p = 2. Then (4.24) is as follows: 



(4.25) 



cot 2(xi — X2) + cot 2(xi + X2) — tan 2xi 
cot 2(x2 — xi) + cot 2(xi + X2) — tan 2x2 




0. 



Under xi — a:2 > 0, xi + 0:2 > and xi < j, the equation (4.25) has the only 
solution (xi,X2) = (^ arctan \/2, 0). Therefore the orbit 5(9 (4) Exp (^ arctan \/2ei) 
is the only minmal principal orbit of the S'0(4)-action. Denote by ai, a2 and 0^3 the 
one dimensional stratums of dC which are contained in /3i2^(0), {Pi + /32)~^(0) and 
(2/3i)-i(f ), respectively. Then we have 



X 
X 



— 2(cot 2(xi + X2) — tan 2xi)ei — 2(cot 2(xi + X2) — tan 2x2)62 
— 2(cot2(xi — X2) — tan2xi)ei — 2(cot2(x2 — xi) — tan 2x2)62 
— 2(cot 2(xi — X2) + cot 2(xi + X2))ei 
— 2(cot 2(x2 — xi) + cot 2(xi + X2) — tan 2x2)62- 



Hence the orbit S'0(4)(Expx) (x G ai) is minimal if and only if cot4.Ti = tan2xi 
(x2 = xi) holds, that is, (xi,X2) = (j^, j^). Therefore the orbit 50(4)(Exp(j^(6i + 
62))) is the only minimal singular orbit through ai. Also, the orbit 50 (4) (Exp x) 
(x G C72) is minimal if and only if cot4xi = tan2xi (x2 = — -^i) holds, that is, 
(xi,X2) = (yj, — x^)- Therefore the orbit 5*0(4) (Exp (Y^(ei — 62))) is the only min- 
imal singular orbit through a2- Also, the orbit 50 (4) (Exp x) (x G 0^3) is mini- 
mal if and only if cot(| — 2x2) + cot(| -|- 2x2) = and — cot(| — 2x2) + cot(| -|- 
2x2) — tan 2x2 = (xi = hold, that is, (xi,X2) = (f ,0). Therefore the orbit 
50 (4) (Exp (5 61)) is the only minimal singular orbit through ag. 



(/?i+/32)-H|) 




. . . ■ T arctan 
.. n(ei + e2) 



(/3l+^2)-'(0) 15(61-62) 



Fig. 10. 
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Easily we can show divX > (on C). Therefore, since X has the only zero point 
and X is as in Fig.l over a collar neighborhood of cjj {i = 1,2,3) by the proof of 
Theorem A, all the integral curves of X through points other than its zero point 
converge to points of dC in finite time. Also, we can show div X'^* > on CTj 
{i = 1,2,3). Hence all integral curves of X'^' through points other than its zero 
point converge to points of dai in finite time. Therefore we obtain the following 
fact. 

Proposition 4.6. The mean curvature How having any non-minimal principal orbit 

of the SO{4)-action (on SU{4)/S{U{2) x U{2))) as initial data converges to some 
singular orbit in finite time. Also, the mean curvature flow having any non-minimal 
singular orbit through exp^(crj) of the SO{4)-action as initial data converges to one 
of two singular orbits through e^p^{dai) in finite time. 
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